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In this article, we discuss four dimensional non-static space-times in the background of de-Sitter
and anti-de Sitter spaces with the matter-energy sources a stiff fluid, anisotropic fluid, and an elec-
tromagnetic field. Under various parameter conditions the solutions may represent models of naked
singularity and/or black holes. Finally, the energy-momentum distributions using the complexes of
Landau-Lifshitz, Einstein, Papapetrou, and Møller prescriptions, were evaluated.
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I. INTRODUCTION
The formation of space-time singularities is a common
phenomena in General Relativity. However, it is widely
believed that space-time singularities do not exist in Na-
ture, they represent a limitation of the classical theory.
The earliest idea, in mid sixties, by Sakharov [1] and
Gliner [2] suggested that singularities could be avoided
by matter, i. e., with a de-Sitter core, with equation
of state p = −ρ. The fundamental features of a black
hole is the topology. In 4D asymptotically flat stationary
space-times, Hawking first showed that a black hole has
necessarily a S2 topology, provided that the dominant
energy condition (DEC) holds [3]. Later, it was realized
that Hawking’s theorem can be improved in various as-
pects (see [4–7]). However, once the energy condition is
relaxed, a black hole can have quite different topologies.
Such examples can occur even in four-dimensional space-
times where the cosmological constant is negative [8–16].
It is worth to mentioning that the formation of topo-
logical black holes from gravitational collapse in four-
dimensional space-times were studied in [17–19].
The curvature singularities are the singularities where
the Riemann tensor components or the zeroth and higher
order derivative of scalar curvature diverge, that is, in-
finite. For black hole solution like Schwarzschild space-
time, the curvature singularity occurs at r = 0 is covered
by an event horizon exist at r = 2M where, M rep-
resents mass parameter. On the other hand, in some
other solutions the curvature singularity is not covered
by any event horizon. Generally the curvature singu-
larities of nonvacuum (or matter-filled) as well as the
vacuum space-times are recognized from the divergence
of the energy-density and/or the scalar curvature, such
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as the zeroth order scalar curvature Rµνρσ R
µνρσ (called
the Kretschmann scalar) and Rµνρσ R
ρσλτ R
µν
λτ . In addi-
tion, by analysing the outgoing radial null geodesics of
a space-time containing space-time singularity, one can
determine whether the curvature singularity is naked or
covered by an event horizon (see Refs. [20, 21] for de-
tail discussion). For the strength of curvature singular-
ities, two conditions are used : one is the strong curva-
ture condition (SCC) given by Tipler [22], and the other
is the limiting focusing condition (LFC) given by Kro-
lak [23]. Meanwhile the curvature singularities are ba-
sically of three types : first one being a space-like sin-
gularity (e. g. Schwarzschild singularity), second one
the time-like singularity, and third one is the null sin-
gularity. In time-like singularity, two possibilities arise
: (i) there is an event horizon around a time-like singu-
larity (e. g. R-N black holes). Here an observer can-
not see a time-like singularity from an outside region of
the space-time, that is, the singularity is covered by an
event horizon ; (ii) there is no event horizon around a
time-like singularity which we called the naked singular-
ity (NS), and it would observable for far away or distant
observers. Therefore a naked singularity may present op-
portunities to observe the physical effects near the very
dense regions that formed in the very final stages of a
gravitational collapse. But in a black hole scenario, such
regions are necessarily hidden within the event horizon.
There are many example of gravitational collapse mod-
els which formed a naked singularity known. The earliest
model is the Lemaitre-Tolman-Bondi (LTB) [24–26] solu-
tions, a spherically symmetric inhomogeneous collapse of
dust fluid that admits both naked and covered singular-
ity. Other spherically symmetric gravitational collapse
space-times which formed a naked singularity would be
[27–39]. To counter the occurence of naked singularity in
a solution of the Einstein’s field equations, Penrose pro-
posed a Cosmic Censorship Conjecture (CCC) [40–42].
However, the general and/or detail proofs of this Con-
jecture has not yet been given. On the contrary, there
is no mathematical details yet known which forbid the
2appearence of naked singularity in a solution of the field
equations.
In addition to the spherical symmetric system, non-
spherical gravitational collapse space-times with naked
singulairty are also of particular interest in general rel-
ativity. The Gravitational collapsing models in cylin-
drical symmetry system which formed naked singulari-
ties has been discussed by Thorne [43] and Hayaward
[44]. After that several authors investigated the gravita-
tional collapse solutions in cylindrical symmetry system
(for examples, [45–55]). Some other examples of non-
spherical gravitational collapse solutions with naked sin-
gularities would be [56–69]. Attempts have been made
to distinguish between black holes and naked singulari-
ties from astrophysical data through gravitational lens-
ing. In this direction, most significant works have been
done by Virbhadra and his collaborators, for examples,
in the Janis-Newman-Winicour space-time [70, 71] (see
also [72, 73]), its rotating generalization [74], and the
work in [75]. There have been other attempts to explore
the physical applications and implications of naked sin-
gularities (see [76, 77] and references therein). The recent
proposal to consider naked singularities as possible parti-
cle accelerators were in [78, 79]. In addition, some other
valuable work done by several authors would be in [80–
83]. Other relativist had shown that naked singularities
and black holes can be differentiated by the properties of
accretion disks that accumulate around them (see [72, 84]
and references therein).
The Einstein’s field equations with cosmological con-
stant are given by
Gµ + Λ gµν = κT
µν, µ, ν = 0, 1, 2, 3, (1)
where κ = 8 pi and T µν is the stress-energy tensor. For
our present work, we have chosen the following stress-
energy tensors:
(i) Perfect fluid :
T 00 = −ρ, T 11 = T 22 = T 33 = p, (2)
where ρ is the energy-density and p is the isotropic pres-
sure.
(ii) Anisotropic fluid :
T 00 = −ρ, T 11 = px, T 22 = py, T 33 = pz, (3)
where ρ is the energy-density and pi, where i = x, y, z
the pressures.
(iii) Electromagentic field :
Tµν =
2
κ
(gαβ Fαµ Fβν − 1
4
gµν Fαβ F
αβ). (4)
where Fµν = ∂µAν − ∂νAµ is the electromagentic field
tensor satisfying the following conditions
Fµν;ν = 0, F[µν;α] = 0, (5)
for the source-free regions, where Aµ is the four-vector
potential.
The different energy conditions [85–87] are as follows:
WEC : ρ > 0, ρ+ pi ≥ 0,
SEC : ρ+ pi ≥ 0, ρ+
∑
i
pi ≥ 0,
DEC : ρ ≥ |pi|, i = 1, 2, 3. (6)
In the present work, taking into account the energy
conditions, we attempt to construct four-dimensional
non-static space-time which may represent models of
naked singularities and/or black holes solution under
various parameter conditions. Finally, we evaluate the
energy-momentum distributions using the known energy-
momentum complexes.
II. ANALYSIS OF THE SPACE-TIME
The four dimensional non-static metric [88] is given by
ds2 = gµν dx
µ dxν
= −f(x) dt2 + 1
f(x)
dx2 + x2 [A(t) dy2 +
1
A(t)
dz2],(7)
where
f(x) = (
2 β
x
+
α2
x2
− Λ
3
x2 + δ x), A(t) = e−2 γ t. (8)
Here β represents mass parameter, α represents charge,
Λ is the cosmological constant, δ and γ are integer. The
metric functions with its inverse are
g00 = −f(x) = 1
g00
, g11 =
1
f(x)
=
1
g11
,
g22 = x
2 e−2 γ t =
1
g22
, g33 = x
2 e2 γ t =
1
g33
. (9)
The metric is Lorentzian with signature (−,+,+,+) and
the determinant of the corresponding metric tensor gµν
is
det g = −x4. (10)
Thus the metric is regular everywhere except at x = 0.
The nonzero components of the Einstein tensor are
G00 = −
α2
x4
+
2 δ
x
− Λ + γ
2
f(x)
,
G11 = −
α2
x4
+
2 δ
x
− Λ− γ
2
f(x)
,
G22 = G
3
3 =
α2
x4
+
δ
x
− Λ− γ
2
f(x)
, (11)
The time-like four velocity vector when t is time-like
and x is space-like defined by
uµ = f(x)
−1/2
δ
µ
t , u
µ uµ = −1, (12)
3such that the four-acceleration vector is
aµ = uµ ; ν uν = k(x) δ
µ
x , (13)
where the quantity k(x) = 12 f
′(x) is called the surface
gravity for a static observer. Here prime deonte deriva-
tive w. r. t. x.
We study the following cases of the above non-static
spacetime.
Case 1 : β 6= 0, α = 0, Λ = 0, δ = 0, γ 6= 0.
The curvature invariant given by
Rµνρσ Rµνρσ =
48 β2
x6
− 20 γ
2
x2
+
3 γ4 x2
β2
, (14)
diverges at x = 0 without covered by an event horizon
and thus a naked singularity is formed.
Therefore from the field equations using (11) and (2)
we get
κ ρ = κ p = −γ
2 x
2 β
, (15)
a stiff fluid, where κ = 8 pi. If one takes γ = 0, this
corresponds to the Taub vacuum solution [89] and the
properties of which are well-known.
For γ 6= 0, there are four cases arise as follow :
(i) β > 0, x > 0
Here t is time-like and x is space-like coordinate and
the energy density of stiff fluid violate the weak energy
conditions.
(ii) β > 0, x < 0
In that case, t is space-like and x is time-like coor-
dinate. So, the energy density of stiff fluid satisfy the
energy conditions.
(iii) β < 0, x < 0
In that case, t is time-like and x is space-like coordi-
nate. Here the energy density violate the energy condi-
tions.
(iv) β < 0, x > 0
In that case, t is space-like and x is time-like coordi-
nate. So the energy density satisfy the energy conditions.
Case 2 : β = 0, α 6= 0, Λ = 0, δ = 0, γ 6= 0.
The curvature invariant in that case is given by
Rµνρσ Rµνρσ =
56α4
x8
− 40 γ
2
x2
+
12 γ4 x4
α4
, (16)
which diverges at x = 0 not covered by an event horizon
and thus a naked singularity is formed.
From the field equations using (11) and (3) we get
κ ρ =
α2
x4
− γ
2 x2
α2
, κ px = −α
2
x4
− γ
2 x2
α2
, py = pz = ρ.
(17)
Here t is time-like and x is a space-like coordinate. Writ-
ing x0 = (
α2
γ )
1
3 , the matter-energy content anisotropic
fluid satisfy the following energy conditions:
WEC : ρ > 0,
WECx : ρ+ px < 0,
WECy : ρ+ py > 0, x < x0
WECz : ρ+ pz > 0, x < x0
SEC : ρ+
∑
i
pi > 0, 0 < (
x
x0
)6 <
1
2
SEC : ρ+
∑
i
pi < 0,
1
2
< (
x
x0
)6 < 1.
Case 3 : β = 0, α = 0, Λ 6= 0, δ = 0, γ 6= 0.
The curvature invariant in that case is given by
Rµνρσ Rµνρσ =
8Λ2
3
+
108 γ4
x4 Λ2
− 8 γ
2
x2
, (18)
which diverges at x = 0 not covered by an event horizon
and thus a naked singularity is formed.
For the field equations using (11) and (2), we get
κ ρ = κ p =
3 γ2
x2 Λ
, Λ < 0 or > 0. (19)
There are two possibilities arise :
(i) For Λ > 0, t is space-like and x is time-like coor-
dinate. Therefore the matter-energy sources stiff fluid
obeying the energy conditions diverge at x = 0. Thus
the solution represents a stiff fluid in the backgrounds of
de Sitter (dS) spaces with a naked singularity.
(ii) For Λ < 0, t is time-like and x is space-like co-
ordinate. In that case, the stiff fluid violates the weak
energy condition (WEC). Therefore, the solution repre-
sents a stiff fluid in the backgrounds of anti-de Sitter
(AdS) space with a naked singularity violate the energy
conditions.
Note that if one takes γ = 0, then the space-time rep-
resent de-Sitter or anti-de Sitter space, depending on the
sign of the cosmological constant Λ whose global struc-
ture were studied extensively in [85].
Case 4 : β = 0, α = 0, Λ = 0, δ 6= 0, γ 6= 0.
In that case, the metric (7) reduces to the following
form
ds2 = −δ x dt2 + 1
δ x
dx2 + x2 (e−2 γ t dy2 + e2 γ t dz2).
(20)
Transforming the above metric by x→ eδ x¯, we get
ds2 = δ eδ x¯ (−dt2+dx¯2)+e2 (δ x¯−γ t) dy2+e2 (δ x¯−γ t) dz2.
(21)
4The non-zero components of the Einstein tensor are
G00 = δ e
−δ x¯ (2 +
γ2
δ2
),
G11 = δ e
−δ x¯ (2− γ
2
δ2
),
G22 = δ e
−δ x¯ (1− γ
2
δ2
) = G33. (22)
Therefore the scalar curvature invariant is given by
Rµνρσ Rµνρσ = 4 e
−2 δ x¯ (2 δ2 − γ2 + 3 γ
4
δ2
). (23)
Consider the stress-energy tensor by (3), from the field
equations using (22) we get
−κ ρ = δ e−δ x¯ (2 + γ
2
δ2
),
κ px = δ e
−δ x¯ (2− γ
2
δ2
),
κ py = δ e
−δ x¯ (1− γ
2
δ2
) = κ pz. (24)
From above we see that the scalar curvature invariant
(23) and the physical parameters (24) diverge at x¯→ −∞
(x → 0) and vanish rapidly at x¯ → ∞ (x → ∞). Thus
the space-time formed a naked singularity not covered by
an event horizon.
In the following we discuss two possibilities:
(A) If we set γ = δ, then from eqn. (24) we get
− κ ρ = 3 δ e−δ x¯, κ px = δ e−δ x¯, py = 0 = pz. (25)
The scalar curvature invariant given by
Rµνρσ Rµνρσ = 8 e
−2 δ x¯ (26)
diverge at x¯→ −∞ (x→ 0) and vanish rapidly at x¯→∞
(x→∞). The matter-energy content satisfy the different
energy conditions for δ < 0 and violate for δ > 0.
(B) if we set γ = 0, then the space-time (7) represents
a conformally flat static solution with anisotropic fluid
as the stress-energy tensor. From (21) we get
ds2 = δ eδ x¯ (−dt2 + dx¯2) + e2 δ x¯ (dy2 + dz2). (27)
The curvature invariant given by
Rµνρσ Rµνρσ = 8 δ
2 e−2 δ x¯, (28)
which diverge at x¯→ −∞ (x→ 0) and vanish rapidly at
x¯→ +∞ (x→ +∞).
The matter-energy content anisotropic fluid from (24)
−κ ρ = 2 δ e−δ x¯,
κ px = 2 δ e
−δ x¯,
κ py = δ e
−δ x¯ = κ pz. (29)
The matter-energy content anisotropic fluid satisfy the
following energy conditions :
WEC : ρ > 0, δ < 0,
WECx : ρ+ px = 0,
WECy : ρ+ py > 0,
WECz : ρ+ pz > 0,
SEC : ρ+
∑
i
pi < 0. (30)
While for δ > 0, we have
WEC : ρ < 0,
WECx : ρ+ px = 0,
WECy : ρ+ py < 0,
WECz : ρ+ pz < 0,
SEC : ρ+
∑
i
pi > 0. (31)
It is worth to mentioning that the conformally flat con-
dition for static and cylindrically symmetric case with
anisotropic fluids was obtained by Herrera et al [90].
They have shown there that any conformally flat and
cylindrically symmetric static source cannot be matched
through Darmois conditions to the Levi-Civita space-
time, satisfying the regularity conditions. Furthermore,
all static, cylindrical symmetry solutions (conformally
flat or not) for anisotropic fluids have been found in [91].
Recently, two of the authors constructed a conformally
flat cylindrical symmetry and static anisotropic solution
of the Einstein’s field equations with naked singularities
[55]. The study space-time (27) is a special case of these
known solutions.
One may study whether the given space-time is
geodesically complete or not. In general incompleteness
of geodesic equation indicates the presence of a singular-
ity, and if it is not clothed or covered by an event horizon,
then the singularity is called naked singularity otherwise
a black holes solution. For the metrics study in Case 1
to Case 4, sub-case (ii) of Case 7, and the general metric
in Case 11, the geodesic equations considering y = const
and z = const are
t¨ = −f
′(x)
f(x)
x˙ t˙
x¨ =
1
2
[
f ′(x)
f(x)
x˙2 − f ′(x) f(x) t˙2], (32)
where dot stands derivative w. r. t. an affine parameter
s and prime w. r. t. x. Solving the above geodesic
equations for t, its first derivative give
t˙ =
c1
f(x)
, (33)
where c1 is a constant, c1 6= 0. Substituting t˙ in the
above geodesic equations we get
x¨ =
1
2
f ′(x)
f(x)
(x˙2 − c21). (34)
5Its solution in first derivative gives
x˙(s) =
√
c21 + c2 f(x), (35)
where c2 is a constant, c2 6= 0.
Below we consider Case 4 to show incompleteness of
the geodesics path. Using f(x) = δ x in Eq. (35), we get
x˙(s) =
√
c21 + c2 δ x(s)
⇒ 2
c2 δ
√
c21 + c2 δ x(s) = (s+ c3)
⇒ x(s) = 1
c2 δ
[
c22 δ
2
4
(s+ c3)
2 − c21]. (36)
If one choose the value of the affine parameter s = 0,
from (36) we get
x(s = 0) =
1
c2 δ
[
c22 c
2
3 δ
2
4
− c21] = 0, (37)
where we set c3 =
2 c1
c2 δ
6= 0. Therefore from Eq. (33)
using f(x) = δ x, we get
t˙(s) =
c1
δ x(s)
=
c1 c2
[
c22 δ
2
4 (s+ c3)
2 − c21]
=
c1 c2
[
c22 δ
2
4 (s+
2 c1
c2 δ
)2 − c21]
(38)
which is unbounded at s = 0. Hence the geodesic path t˙ is
incomplete and the space-time is geodesically incomplete.
Since the solution is neither a black hole model nor exist
an event horizon. Therefore the solution possess a naked
singularity.
Similarly, one can easily check using the function f(x)
given in Case 1 to Case 3 that the first derivative t˙ is
unbounded/infinite for finite values of the affine param-
eter including s = 0, and so the space-time including the
general metric in Case 11 is geodesically incomplete.
Case 5 : β 6= 0, α = 0, Λ 6= 0, δ = 0, γ 6= 0.
The scalar curvature invariant is given by
Rµνρσ R
µνρσ =
48 β2
x6
− 8 γ
2
x2
+
108 x2 γ4
(−6 β + Λ x3)2
+
8
3
[Λ2 − 54 β γ
2 (3 β + x3 Λ)
(−6 β x+ x4 Λ)2 ]. (39)
From above one can easily check that the curvature scalar
diverge at x = 0 and approaches 8Λ
2
3 at x→ ±∞.
Now, we are going to discuss the region x > 0 and
x < 0, respectively in this space-time.
In the region x > 0, two possibilites arise:
Sub-case (i): Considering β → −β and Λ→ −Λ.
The function f(x) and the quantity k(x) under this
case
f(x) = (
Λ
3
x2 − 2 β
x
) =
2 β
x
(
x3
x30
− 1),
k(x) = (
Λ
3
x+
β
x2
) = β x (
2
x30
+
1
x3
). (40)
The function f(x) is space-like in the regions x > x0 and
time-like in 0 < x < x0. The quantity k(x) for f(x0) = 0
is given by k(x0) =
Λ
2 x0 which is space-like where, x0 =
(6βΛ )
1
3 . The metric under this case is asymptotically anti-
de Sitter (AdS) spaces.
From the field equations using (2) and (11), we get
κ ρ = κ p = − γ
2
2 β
x (
x3
x30
− 1) . (41)
The matter-energy content satisfy the different energy
conditions in the regions x < x0 and violate in x > x0.
To show that the region x ≤ x0 represent a black hole
region for the metric (7) under this case with an event
horizon exist at x = x0, we apply the theorem (theorem
1.2.5) [92]. For that we do the transformation
dt→ dv − dx
f(x)
, (42)
into the metric (7), we get
ds2 = −f(x) dv2 + 2 dv dx+ x2 [H(v, x) dy2 + 1
H(v, x)
dz2]
= −gvv dv2 + 2 dv dx+ gyy dy2 + gzz dz2, (43)
where
H(v, x) = e−2 γ v e2 γ
∫
dx
f(x) , gvv = f(x), gyy = x
2H(v, x),
gvx = 1 = gxv, gzz = x
2H−1(v, x). (44)
The inverse metric tensor for the metric (43) can be ex-
press as
gµν ∂µ ∂ν = 2 ∂v ∂x + f(x) ∂
2
x + x
−2H−1(v, x) ∂2y
+ x−2H(v, x) ∂2z . (45)
As the metric component gvv from (43) is
gvv = 0⇒ g(∇v,∇v) = 0, (46)
which implies that the integral curves of
∇v = gµν ∂µ v ∂ν = ∂x, (47)
are null, affinely parameterised geodesics, that means,
the curves are the null geodesics (since the conditions
Xν ∇ν Xµ = 0 hold where, we have defined X = ∇ v).
From the metric (43), we have
∇x = gµν ∂µ x∂ν = ∂v + f(x) ∂x = ∂v (48)
6provided f(x) = 0 ⇒ x = x0. Since at x = x0, the
metric function f(x) = 0 which implies gxx = 0, the null
hypersurface condition. Therefore the curves γ(λ) de-
fined by {v = v(λ), x = x0, y = y0 = const, z =
z0 = const} are the null geodesic where, λ is an affine
parameter. They are, that is, the null geodesics are the
generators of the event horizon. Thus the solution rep-
resent a black hole model of stiff fluid in the background
of anti-de-Sitter (AdS) spaces.
Again let γ(s) = (v(s), x(s), y(s), z(s)) be a future di-
rected time-like curve. From the metric (43) the condi-
tion g(γ˙, γ˙) < 0 gives
−f(x) v˙2+2 v˙ x˙+x2 [H(v, x) y˙2+H−1(v, x) z˙2] < 0. (49)
This implies that
v˙ (−f(x) v˙ + 2 x˙) < 0, (50)
where we have set y = y0 and z = z0 where, y0, z0
are constants. It follows that v˙ does not change sign on
future directed time-like curves. Since v˙ > 0 in the region
x > x0 (from the standard choice of time orientation),
which leads to
(−f(x) v˙ + 2 x˙) < 0. (51)
For x ≤ x0 region, the first term is non-negative which
enforces x˙ < 0 on all future directed time-like curves
in that region. Thus, x is a decreasing function along
such curves, which implies that future directed time-like
curves would cross the hypersurface {x = x0 = (6 βΛ )
1
3 }
if coming from the region {x > x0}.
For light-like curves, from the metric (43) the null con-
dition implies that (y = const, z = const)
− f(x) dv + 2 dx = 0⇒ 2 dx
dv
= f(x). (52)
Thus we see that
dx
dv
=
1
2
f(x) =
β
x
(
x3
x30
− 1) > 0 for x > x0
< 0 for x < x0 (53)
Consider a congruence of null geodesics with tangent
kµ = dx
µ
dλ , where λ is an affine parameter and satisfy the
following condition
kµ kµ = 0 , k
ν ∇ν kµ = 0. (54)
Picking another null vector field lµ, such that lµ lµ = 0
and kµ lµ = −1. The purely spatial metric hµν , in the
two-space orthogonal to kµ is defined by
hµν = gµν + kµ lν + lµ kν , (55)
where hµν k
ν = hµν l
ν = 0, hµµ = 2 and h
µ
ν is the projec-
tion operator.
Let us consider a closed two-surface, S, of constant v
and x, from the metric (43) we have two null vector fields
kµ = −∂x (the inner null normal)
lµ = ∂v +
1
2
f(x) ∂x (the outer null normal). (56)
We compute the expansion scalar associated with k, l for
two-surface [93, 94]
Θk = h
µν ∇ν kµ = − 2
x
Θl = h
µν ∇ν lµ = f(x)
x
=
2 β
x2
(
x3
x30
− 1). (57)
Once we have the expansions, following Penrose [95] we
can define that the two-surface, S, of constant v and x
is trapped, marginally trapped, or untrapped, according
to whether ΘlΘk > 0, ΘlΘk = 0, or ΘlΘk < 0. An
apparent horizon, or trapping horizon in Hayward’s ter-
minology [44, 96] is defined as a hypersurface foliated
by marginally trapped surfaces. In addition, in regions of
mild curvature or a normal surface corresponds to Θl > 0
and Θk < 0. However, this need not be the case in re-
gions of strong curvature.
Thus in our case
Θl > 0 for x > x0
= 0 for x = x0
< 0 for x < x0 (58)
Thus, in the quotient manifold with metric g =
−f(x) dv2 + 2 dv dx, we have
Regular region,R = {(v, x) : x > x0},
Trapped region,T = {(v, x) : x < x0},
Apparent region,A = {(v, x) : x = x0}. (59)
The induced metric on A is
h = 2 dv dx = 2 (
1
2
f(x) dv) dv = f(x) dv2 = 0, (60)
a null hypersurface condition, where we have used Eq.
(53). So A is a null hypersurface.
The 2-surface S with Θk < 0 [93–97]
S is called untrapped if Θl > 0
marginally trapped if Θl = 0
trapped if Θl < 0 (61)
and we can rephrase the above result as the statement
Sv,x is untrapped for x > x0
marginally trapped for x = x0
trapped for x < x0 (62)
A future outer trapping horizon (FOTH) is the closure
of a surface foliated by marginal surfaces, such that
7kµ∇µΘl < 0, Θl = 0 and Θk < 0. In our case, we
have
kµ∇µΘl = −2 β ( 2
x3
+
1
x30
) < 0, (63)
since β > 0.
Thus from above we have seen that the solution rep-
resent a black holes model in the backgrounds of anti-de
Sitter (AdS) spaces with black holes region x ≤ x0.
Sub-case (ii): Considering β > 0 and Λ > 0.
The function f(x) and the quantity k(x) under this
case
f(x) = (
2 β
x
− Λ
3
x2) =
2 β
x
(1− x
3
x30
)
k(x) = −( β
x2
+
Λ
3
x) (64)
From the field equations using (2) and (11), we get
κ ρ = κ p = − γ
2
2 β
x (1 − x
3
x30
)
. (65)
The space-time (7) shows a true curvature singularity at
x = 0. The metric component gxx is given by
gxx = g(∇x,∇x) = f(x) = (2 β
x
−Λ
3
x2) =
2 β
x
(1−x
3
x30
),
(66)
which is time-like in the region x > x0 and space-like in
0 < x < x0. The matter-energy content stiff fluid satisfy
the energy conditions in the region x > x0 and violate in
0 < x < x0.
Here for light-like curves, we have
dx
dv
=
1
2
f(x) =
β
x
(1− x
3
x30
) > 0 for x < x0
< 0 for x > x0 (67)
We have obtained the expansions scalar as follows:
Θk = h
µν ∇ν kµ = − 2
x
,
Θl = h
µν ∇ν lµ = f(x)
x
=
2 β
x2
(1− x
3
x30
). (68)
Thus in our case
Θl > 0 for x < x0
= 0 for x = x0
< 0 for x > x0 (69)
For 2-surface S with Θk < 0, the above result as the
statement in the present case
Sv,x is untrapped for x < x0
marginally trapped for x = x0
trapped for x > x0 (70)
Thus, in the quotient manifold with metric g =
−f(x) dv2 + 2 dv dx, we have
Regular region,R = {(v, x) : x < x0},
Trapped region,T = {(v, x) : x > x0},
Apparent region,A = {(v, x) : x = x0}.
The induced metric on A is
h = 2 dv dx = 2 (
1
2
f(x) dv) dv = f(x) dv2 = 0, (71)
a null hypersurface condition, where we have used Eq.
(74). So A is a null hypersurface.
From above analysis it is clear that the solution repre-
sent a black holes model in de-Sitter spaces background
where the trapped region in x > x0 and untrapped (reg-
ular) region in x < x0.
In the region x < 0, two possibilites arise here.
Sub-case (i): Considering Λ > 0 and β → −β
The function f(x) and the quantity k(x) under this
case are
f(x) = (
2 β
x
− Λ
3
x2), k(x) = −( β
x2
+
Λ
3
x). (72)
Setting f(x) = 0 implies x = x0 = (
6β
Λ )
1
3 > 0. Therefore
the quantity k(x) = −Λ2 x0 < 0 is time-like. The space-
time possess a true curvature singularity at x = 0 which
is covered by an event horizon.
The physical parameters associated with the fluid
κ ρ = κ p = − γ
2
(2 βx − Λ3 x2)
. (73)
The energy-density of stress-energy tensor violate the en-
ergy conditions in the region 0 < x < x0, whereas obey-
ing the energy conditions in the exterior region x > x0.
Thus the non-static solution represents a black holes
model with stiff fluid as the sources and the solution is
asymptotically de-Sitter spaces.
Sub-case (ii): Considering Λ→ −Λ and β > 0
The function f(x) and the quantity k(x) under this
case are
f(x) = (
Λ
3
x2 − 2 β
x
), k(x) = (
β
x2
+
Λ
3
x). (74)
Setting f(x) = 0 implies x = x0 = (
6 β
Λ )
1
3 . Therefore the
quantity k(x0) =
Λ
2 x0 > 0 is space-like. The space-time
possess a true curvature singularity at x = 0 covered by
an event hrizon.
The physical parameters associated with the fluid in
the region x < 0 are
κ ρ = κ p = − γ
2
(Λ3 x
2 − 2βx )
. (75)
The energy-density satisfy the energy conditions in the
region 0 < x < x0, whereas it violate in the region x >
8x0. Thus the solution represent black holes model with
stiff fluid as the stress-energy tensor and the solution is
asymptotically anti-de-Sitter (AdS) spaces.
Case 6 : β = 0, α 6= 0, Λ = 0, γ = 0, δ < 0.
The space-time under this case reduces to a static so-
lution
ds2 = −f(x) dt2 + f−1(x) dx2 + x2 (dy2 + dz2), (76)
where the function f(x) and the quantity k(x) are
f(x) = (
α2
x2
+ δ x), k(x) = (
δ
2
− α
2
x3
). (77)
Setting f(x0) = 0 which implies x = x0 = (
α2
δ0
)1/3, where
δ = −δ0 for δ0 > 0. Therefore the quantity k(x0) =
− 32 δ0 is time-like. Note that in the region 0 < x < x0,
the function f(x) > 0, therefore the coordinate t is time-
like and x is space-like and vice-versa in the region x >
x0.
The scalar curvature invariant is given by
Rµνρσ Rµνρσ =
8 (7α4 − x3 α2 δ + x6 δ2)
x8
, (78)
From above it is clear that the scalar curvature diverge at
x = 0 clothed by an event horizon x = x0. By analysing
the same procedure as done earlier, one can easily show
that the present solution represent a static charged black
holes model.
Considering the stress-energy tensor the electromag-
netic field coupled with anisotropic fluid (3), from the
field equations using (11) we get
B =
α√
2
, κ ρ =
2 δ0
x
= −κ px, κ py = κ pz = −δ0
x
,
(79)
where the electromagnetic field tensor F32 = −F23 =
B1 = B such that the electromagnetic EMT is
− T 00 = −T 11 = T 22 = T 33 =
2
κ
× B
2
x4
. (80)
The energy density of anisotropic fluid is positive in the
region x > 0, where the pressure components are nega-
tive. The matter-energy source satisfy the following en-
ergy conditions (6) in region x > 0 only.
WEC : ρ > 0,
WECx : ρ+ px = 0,
WECy : ρ+ py > 0,
WECz : ρ+ pz > 0,
SEC : ρ+
∑
i
pi < 0. (81)
Case 7 : β = 0, α 6= 0, Λ > 0, γ 6= 0, δ = 0.
The function f(x) and the quantity k(x) under this
case are
f(x) = (
α2
x2
− Λ
3
x2), k(x) = −(α
2
x3
+
Λ
3
x). (82)
The scalar curvature invariant is given by
Rµνρσ Rµνρσ = 8 [
7α4
x8
− γ
2
x2
+
Λ2
3
] +
108 γ4
x4 (− 3α2x4 + Λ)2
−96α
2 γ2 (3α
2
x4 + Λ)
x6 (− 3α2x4 + Λ)2
. (83)
From above it is clear that there is a true curvature
singularity at x = 0 and a coordinate singularity at
x = x0 = (
3α2
Λ )
1
4 which can be remove by the follow-
ing transformations:
t→ v + x
3
0
4α2
[2 tan−1(
x
x0
) + ln(
x − x0
x+ x0
)], (84)
we get
ds2 = −f(x) dv2+2 dv dx+x2 [A(v, x) dy2+ 1
A(v, x)
dz2],
(85)
where
A(v, x) = e−2 γ v
×e−γ
x30
2α2
[2 tan−1( x
x0
)+ln( x−x0
x+x0
)]
. (86)
Choosing the electromagnetic field tensor F32 =
−F23 = B1 = B such that the electromagnetic EMT
(4) is
− T 00 = −T 11 = T 22 = T 33 =
2
κ
× B
2
x4
. (87)
Considering the stress-energy tensor the electromag-
netic field coupled with perfect fluid (2), from the field
equations using (11) we get
B =
α√
2
, κ ρ = κ p =
γ2
(−α2x2 + Λ3 x2)
, Λ > 0. (88)
We have seen that in the region x < x0, t is time-like
and x is a space-like coordinate. The energy-density as
well as pressures in this region are negative violating the
different energy conditions. On the other hand, in the re-
gion x > x0, t is space-like and x is time-like coordinate.
The energy density as well as the isotropic pressure are
positive satisfying the different energy conditions. In ad-
dition, at spatial infinity along x-direction i.e., x→ ±∞,
the space-time is asymptotically de-Sitter space (since
Rµνρσ Rµνρσ → 8Λ23 ). Furthermore, the non-zero Weyl
scalars are Ψ0 6= 0, Ψ2 6= 0 and Ψ4 6= 0. By analysing
the same procedure done earlier one can easily show that
x = x0 = (
3α2
Λ )
1
4 represent a black holes event horizon.
Therefore the studied metric is an algebraically general
9(Petrov type I) non-static charged black holes solution of
the Einstein’s field equations. Hence the solution with
stress-energy tensor stiff fluid coupled with a non-null
electromagnetic field (since Fµν Fµν 6= 0) in the back-
ground of de-Sitter spaces (dS) represent a non-static
charged black holes model.
Now we will discuss two sub-cases as below:
Sub-case (i): If one takes γ = 0, then the non-static
solution reduces to static one given by
ds2 = −(α
2
x2
− Λ
3
x2) dt2 + f−1(x) dx2 + x2 (dy2 + dz2).
(89)
The matter-energy source corresponds to non-null elec-
tromagnetic field in the background of de-Sitter Universe.
The surface gravity k(x) for f(x0) = 0 is k(x0) = − 2Λ3 x0
which is time-like where, x0 = (
3α2
Λ )
1
4 (since Λ > 0). To
overcome the coordinate singularity at x = x0 = (
3α2
Λ )
1
4 ,
we do the following transformation
t→ v + x
3
0
4α2
[2 tan−1(
x
x0
) + ln(
x− x0
x+ x0
)], (90)
into the metric (7), we get a static charged balck holes
given by
ds2 = −(α
2
x2
− Λ
3
x2) dv2+2 dv dx+x2 (dy2+dz2), (91)
which can also be obtain directly from (85) and (86) by
substituting γ = 0.
The scalar curvature invariant (83) given by
Rµνρσ Rµνρσ =
8Λ2
3
+
56α4
x8
, (92)
diverge at x = 0. The true curvature singularity of the
solution occurs at x = 0 covered by an event horizon.
Therefore the type D solution with non-null electro-
magnetic field as the stress-energy tensor in the back-
ground of de-Sitter Universe represent a static charged
black holes model.
Sub-case (ii): If one takes Λ = 0 and γ = 0, then the
static solution is given by
ds2 = −α
2
x2
dt2 +
x2
α2
dx2 + x2 (dy2 + dz2). (93)
The above static solution corresponds to a non-null elec-
tromagnetic field with zero cosmological constant and the
metric is of Petrov type D. By doing a transformation
t→ v − x33α2 into the above metric, one will get
ds2 = −α
2
x2
dv2 + 2 dv dx+ x2 (dy2 + dz2). (94)
The scalar curvature invariant (83) given by
Rµνρσ Rµνρσ =
56α4
x8
. (95)
diverge at x = 0. Thus the solution possess a true cur-
vature singularity at x = 0 which is not covered by an
event horizon and therefore a naked singularity is formed
in that sub-case. Thus the type D non-null electromag-
netic field charged solution possess a naked singularity.
Case 8 : β → −β, α 6= 0, Λ = 0, γ 6= 0, δ = 0.
The function f(x) and the quantity k(x) under this
case are
f(x) = (
α2
x2
− 2 β
x
), k(x) = (−α
2
x3
+
β
x2
). (96)
For f(x) = 0 which implies x = x0 =
α2
2 β , the quantity
k(x0) = − 4β
3
α4 , is time-like.
The scalar curvature invariant is given by
Rµνρσ Rµνρσ =
8
x8
(7α4 − 12 xα2 β + 6 x2 β2)
+
12 γ4 x4
(α2 − 2 β x)2 −
8 γ2
x2 (α2 − 2 β x)2
×(5α4 − 14 xα2 β + 10 x2 β2). (97)
From above it is clear that there is a true curvature
singularity at x = 0 and a coordinate singularity at
x = x0 =
α2
2 β which can removable by suitable trans-
formations.
Choosing the electromagnetic field tensor F32 =
−F23 = B1 = B such that the electromagnetic EMT
(4) is
− T 00 = −T 11 = T 22 = T 33 =
2
κ
× B
2
x4
. (98)
Considering the stress-energy tensor electromagnetic
field coupled with perfect fluid (2), from the field equa-
tions using (11), we get
B =
α√
2
> 0, κ ρ = κ p =
γ2
(2 βx − α
2
x2 )
. (99)
The perfect fluid which here is a stiff fluid satisfy the dif-
ferent energy conditions (6) in the region x > x0, where t
is space-like and x is time-like coordinate. On the other
hand, the fluid violates the different energy conditions in
the exterior region 0 < x < x0, where t is time-like and
x is space-like coordinate.
If one choose γ = 0, then the solution represents a
static charged black hole space-time with non-null elec-
tromagnetic field as the source. The metric under this
condition is given by
ds2 = −f(x) dt2 + f−1(x) dx2 + x2 (dy2 + dz2). (100)
where f(x) is given in (96). By doing the following trans-
formation
dt→ dv − dx
f(x)
(101)
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into the metric (100), we get
ds2 = −(α
2
x2
− 2 β
x
) dv2+2 dv dx+x2 (dy2+dz2). (102)
By analysing the same procedure done earlier one can
easily show that x = x0 =
α2
2β represent a black holes
event horizon. Thus the solution represent a static
charged black holes model with non-null electromagnetic
field.
Case 9 : β 6= 0, α = 0, Λ = 0, γ 6= 0, δ 6= 0.
The function f(x) and the quantity k(x) under this
case are
f(x) = (
2 β
x
+ δ x), k(x) =
1
2
(−2 β
x2
+ δ). (103)
The scalar curvature invariant is given by
Rµνρσ Rµνρσ =
4
x6
[12 β2 − x4 (γ2 − 2 δ2)
+
γ2 x4 (−16 β2 + 3 x4 γ2)
(2 β + δ x2)2
]. (104)
Considering the stress-energy tensor anisotropic fluid
(3), from the field equations using (11) we get
−κ ρ = 2 δ
x
+
γ2
2β
x + δ x
, κ px =
2 δ
x
− γ
2
2β
x + δ x
,
κ py = κ pz =
δ
x
− γ
2
2 β
x + δ x
. (105)
The matter-energy content violate the weak energy con-
dition in the region x > 0.
Transforming t→ v − ∫ dxf(x) into the metric, we get
ds2 = −f(x) dv2+2 dv dx+x2 [H(v, x) dy2+ 1
H(v, x)
dz2],
(106)
where
H(v, x) = e−2 γ v e2 γ
∫
dx
f(x) . (107)
We will discuss the following sub-case:
Sub-case (i): β → −β, δ > 0
The quantity k(x) for f(x0) = 0 is k(x0) = δ > 0 which
is space-like, where x0 =
√
2β
δ . There is a true curvature
singularity at x = 0, and a coordinate singularity at x =√
2β
δ .
The Physical parameters associated with anisotropic
fluid are
−κ ρ = 2 δ
x
+
γ2
(δ x− 2 βx )
, κ px =
2 δ
x
− γ
2
(δ x− 2 βx )
,
κ py = κ pz =
δ
x
− γ
2
(δ x− 2βx )
. (108)
The scalar curvature invariant from (104) diverge at x =
0, a true curvature singularity and at x = x0, a coordi-
nate singularity which we can removable. From the phys-
ical parameters (108), it is clear that in the region x > 0,
the matter-energy content anisotropic fluid violate the
different energy conditions in the exterior region x > x0.
On the other hand, the matter-energy content satisfy the
energy conditions in the region 0 < x < x0, that is, for
f(x) < 0 provided the condition γ
2
(δ x− 2 β
x
)
> 2 δx hold.
By analysing the same procedure done earlier one can
easily show that the surface x = x0 =
√
2 β
δ represent a
black holes event horizon. Thus the non-static solution
with stress-energy tensor the anisotropic fluid represents
an uncharged black holes model.
For γ = 0, the solution (7) under this case represents a
static uncharged black holes model with zero cosmologi-
cal constant given by
ds2 = −(δ x− 2 β
x
) dv2+2 dv dx+x2 (dy2+ dz2), (109)
with the physical parameters
− κ ρ = 2 δ
x
, κ px =
2 δ
x
, κ py = κ pz =
δ
x
. (110)
From above it is thus clear that the anisotropic fluid vi-
olate the weak energy conditions (WEC) in the region
x > 0 and satisfy in the region x < 0. Also the solution
is asymptotically flat and provide an example of a static
uncharged black holes model.
Sub-case (ii): β > 0, δ → −δ
The quantity k(x) for f(x0) = 0 is k(x0) = −δ < 0
which is time-like where, x = x0 =
√
2β
δ . There is a
true curvature singularity at x = 0, and a coordinate
singularity occurs at x =
√
2 β
δ .
The physical parameters associated with anisotropic
fluid are
κ ρ =
2 δ
x
− γ
2
2 β
x − δ x
, κ px = −2 δ
x
− γ
2
2 β
x − δ x
,
κ py = κ pz = − δ
x
− γ
2
2 β
x − δ x
. (111)
The energy-density satisfy the weak energy-conditions in
the region x > 0 provided x < x0.
By analysing the same procedure done earlier one can
easily show that x = x0 =
√
2β
δ represent a black holes
event horizon. Thus the non-static solution with stress-
energy tensor anisotropic fluid represents an uncharged
black holes model.
For γ = 0, from the metric (7) we get a static black
hole space-time and the solution is asymptotically flat.
The static black hole space-time with an event horizon
x = x0 =
√
2 β
δ is given by
ds2 = −(2 β
x
− δ x) dv2+2 dv dx+x2 (dy2+dz2), (112)
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with the physical parameters
κ ρ =
2 δ
x
, κ px = −2 δ
x
, κ py = κ pz = − δ
x
. (113)
The physical parameters satisfy the following conditions
in the region x > 0 as:
WEC : ρ > 0,
WECx : ρ+ px = 0,
WECy : ρ+ py > 0,
WECz : ρ+ pz > 0,
SEC : ρ+
∑
i
pi < 0. (114)
And in the region x < 0, we have
WEC : ρ < 0,
WECx : ρ+ px = 0,
WECy : ρ+ py < 0,
WECz : ρ+ pz < 0,
SEC : ρ+
∑
i
pi < 0. (115)
Case 10 : β = 0, α = 0, Λ 6= 0, γ 6= 0, δ 6= 0.
The function f(x) and the quantity k(x) under this
case are
f(x) = (δ x− Λ
3
x2), k(x) =
1
2
(δ − 2Λ
3
x). (116)
One can easily show that there is a true curvature singu-
larity at x = 0 covered by an event horizon.
The scalar curvature invariant is given by
Rµνρσ Rµνρσ =
4
x2
[
27 γ2
(Λ x− 3 δ)2 +
2
3
(3 δ2 − 3 δ xΛ + Λ2 x2)
− γ
2
(Λ x− 3 δ)2 (9 δ
2 − 6 xΛ δ + 2 x2Λ2)]. (117)
From above we have seen that there is a true curvature
singularity at x = 0 covered by an event horizon. Note
that there is coordinate singularity at x = x0 =
3 δ
Λ . By
analysing the same procedure done earlier one can easily
show that the surface x = x0 =
3 δ
Λ represents the event
horizon of an uncharged black holes solution.
Considering the stress-energy tensor anisotropic fluid
(3), from the field equations using (11) we get
Λ < 0 or > 0,
−κ ρ = 2 δ
x
+
γ2
(δ x− Λ3 x2)
κ px =
2 δ
x
− γ
2
(δ x− Λ3 x2)
κ py = κ pz =
δ
x
− γ
2
δ x− Λ3 x2
. (118)
There are two possibilites arise as below:
(i) δ > 0, Λ > 0
The quantity k(x) for f(x0) = 0 is k(x0) = − δ2 < 0
which is time-like where, x0 = (
3 δ
Λ ). One can easily by
suitable transformation show that the coordinate singu-
larity occurs at x = (3 δΛ ) can easily be remove.
Transforming t→ v+ 1δ ln( xΛx−3 δ ) into the metric, we
get
ds2 = −(δ x− Λ
3
x2) dv2 + 2 dv dx
+x2 [H(v, x) dy2 +H(v, x)−1 dz2], (119)
where H(v, x) = e−2 γ v ( xΛ x−3 δ )
− 2 γ
δ .
For γ = 0, the solution (119) given by
ds2 = −(δ x− Λ
3
x2) dv2+2 dv dx+x2 (dy2+dz2), (120)
represents a static uncharged black hole space-time with
positive cosmological constant (Λ > 0). The stress-
energy tensor anisotropic fluid (118) satisfy the following
energy-conditions in the region x < 0
WEC : ρ > 0,
WECx : ρ+ px = 0,
WECy : ρ+ py > 0,
WECz : ρ+ pz > 0,
SEC : ρ+
∑
i
pi > 0. (121)
And in the region x > 0, we have
WEC : ρ < 0,
WECx : ρ+ px = 0,
WECy : ρ+ py < 0,
WECz : ρ+ pz < 0,
SEC : ρ+
∑
i
pi < 0. (122)
Therefore the solution represent a static uncharged black
hole models in the background of de-Sitter (dS) spaces.
(ii) δ → −δ, Λ→ −Λ
The quantity k(x) for f(x0) = 0 is k(x0) =
δ
2 > 0
which is space-like where, x0 = (
3 δ
Λ ). One can easily
remove the coordinate singularity x = (3 δΛ ) by suitable
transformation.
Transforming t→ v+ 1δ ln( xΛx−3 δ ) into the metric, one
will get a non-static uncharged black holes solution given
by
ds2 = −(Λ
3
x2 − δ x) dv2 + 2 dv dx
+x2 [M(v, x) dy2 +M(v, x)−1 dz2], (123)
where
M(v, x) = e−2 γ v (
x
Λ x− 3 δ )
−
2 γ
δ . (124)
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The stress-energy tensor anisotropic fluid is given by
−κ ρ = −2 δ
x
+
γ2
(Λ3 x
2 − δ x)
κ px = −2 δ
x
− γ
2
(Λ3 x
2 − δ x)
κ py = κ pz = − δ
x
− γ
2
(Λ3 x
2 x2 − δ x) . (125)
For γ = 0, the solution (123) reduces to
ds2 = −(Λ
3
x2−δ x) dv2+2 dv dx+x2 (dy2+dz2), (126)
a static uncharged black hole space-time with nega-
tive cosmological constant. The stress-energy tensor
anisotropic fluid satisfy the following energy-conditions
in the region x > 0
WEC : ρ > 0,
WECx : ρ+ px = 0,
WECy : ρ+ py > 0,
WECz : ρ+ pz > 0,
SEC : ρ+
∑
i
pi < 0. (127)
And in the region x < 0, we have
WEC : ρ < 0,
WECx : ρ+ px = 0,
WECy : ρ+ py < 0,
WECz : ρ+ pz < 0,
SEC : ρ+
∑
i
pi > 0. (128)
The solution in that case represent a static black hole
model in the background of anti-de Sitter (AdS) spaces.
Case 11 : β 6= 0, α 6= 0, Λ 6= 0, γ 6= 0, δ 6= 0.
In this case we take all the parameters to be non-
vanishing. We discuss the naked singularities graphically,
i. e., one can see that no horizon exists for some specific
values of the parameters. Figure 1 indicates that naked
singularities exist for positive values of β with both de-
Sitter and anti de-Sitter spacetimes. Figure 2 indicates
that naked singularities exist for negative values of β with
both de-Sitter and anti de-Sitter spacetimes. Figure 3
indicates that naked singulairites exist for anti-de Sitter
spaces with both positive and negative values of β.
Choosing the electromagnetic field tensor F32 =
−F23 = B1 = B such that the electromagnetic EMT
(4) is
− T 00 = −T 11 = T 22 = T 33 =
2
κ
× B
2
x4
. (129)
Choosing the stress-energy tensor non-null electromag-
netic field coupled with anisotropic fluid, the physical
parameters are
B =
α√
2
, Λ < 0 or > 0,
κ ρ =
3 γ2 x2
−3 (α2 + 2 β x+ δ x3) + x4 Λ −
2 δ
x
,
κ px =
3 γ2 x2
−3 (α2 + 2 β x+ δ x3) + x4 Λ +
2 δ
x
,
κ py = κ pz =
3 γ2 x2
−3 (α2 + 2 β x+ δ x3) + x4 Λ +
δ
x
.(130)
The ansiotropy difference along x-, y- and z-axis, respec-
tively are
κ (ρ− px) = −4 δ
x
, κ (ρ− py) = κ (ρ− pz) = −3 δ
x
.
(131)
For δ = 0, the anisotropic fluid becomes a stiff fluid
with the equation-of-state (EoS)
κ p = κ ρ =
γ2
Λ
3 x
2 − (α2x2 + 2βx )
. (132)
Therefore the charged solution with a positive or nega-
tive cosmological constant represented by the metric (7)
possess naked singularities which are not clothed.
III. THE ENERGY-MOMENTUM
DISTRIBUTIONS
Computing the conserved quantities, such as energy
and momentum in curved space-times is still an un-
solved problem. Following the Einstein’s original pseu-
dotensor for energy-momentum [98, 99], several expres-
sions have been introduced in the literature, for instance,
the Tolman [100], the Papapetrou [101], the Landau-
Lifshitz’s [102], the Bergman-Thomson [103], the Møller
[104, 105], the Weinberg [106], and the Qadir-Sharif [107].
Rosen [108] and Cooperstock [109] calculated the energy
and momentum distributions of a closed homogeneous
isotropic universe described by Friedmann-Robertson-
Walker (FRW) space-time using the Einstein complex
and found that the total energy vanishes. Johri et al [110]
used the Landau-Lifshitz complex and found that the
total energy of FRW spatially closed Universe vanishes.
Many researchers considered different energy-momentum
complexes in different space-times and obtained some en-
couraging results (see for example, [111] and related ref-
erences therein). In this article, we evaluate the energy-
momentum distributions for the studied space-time (7)
using four different complexes.
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FIG. 1: Variation of f(x) with respect to x for positive values of β. (left panel) Anti de-Sitter spacetime (right panel ) de-Sitter
spacetime.
FIG. 2: Variation of f(x) with respect to x for negative values of β. (left panel) de-Sitter spacetime (right panel ) Anti de-Sitter
spacetime.
A. Landau-Lifshitz’s Energy-Momentum Complex
The energy and momentum densities in the sense of
Landau-Lifshitz [102] are given by
Lµρ =
1
16 pi
Sµνρσ,νσ (133)
where
Sµνρσ = −g (gµρ gνσ − gµσ gνρ), (134)
and has symmetries of the Riemann tensor Rµνρσ. Here
L00 represents the energy density and Li0 represent
the components of the momentum density, respectively.
So, Landau-Lifshitz energy-momentum satisfies the local
conservation laws as :
∂Lµν
∂xν
= 0. (135)
The non-zero components of Sµνρσ are
S0101 = −x4, S0202 = −x
2 e2 γ t
f(x)
, S0303 = −x
2 e−2 γ t
f(x)
,
S1212 = x2 f(x) e2 γ t, S1313 = x2 f(x) e−2 γ t,
S2323 = 1. (136)
Substituting (136) in (133), one will get the energy and
momentum densities for the space-time (7) given by
L00 =
1
16 pi
S0ν0σ,νσ =
1
16 pi
S0101,11 = −
3 x2
4 pi
,
Li0 =
1
16 pi
Siν0σ,νσ = 0, i = 1, 2, 3. (137)
Note that the energy density components vanish at x = 0
and remain same for all the above cases.
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FIG. 3: Variation of f(x) with respect to x for Anti-de Sitter space. (left panel) Positive values of β (right panel ) negative
values of β.
B. Einstein Energy-Momentum Complex
The energy-momentum complex as defined by Einstein
is given by [98, 99]
Θ νµ =
1
16 pi
H νρµ ,ρ (138)
where
H νρµ = −H ρνµ =
gµτ√−g [−g (g
ντ gρσ − gρτ gνσ)],σ.
(139)
The complex Θ νµ satisfies the local conservation law as
:
∂Θ νµ
∂xν
= 0. (140)
Here Θ 00 is the energy density, and Θ
0
i are the momen-
tum density components.
The following components of H νρµ are needed
H 010 = 4 x f(x), H
0ρ
i = 0. (141)
Using the above components in (138), we get
Θ 0µ =
1
16 pi
H 0ρµ ,ρ
Therefore the energy density component for the metric
(7) is
Θ 00 =
1
16 pi
H
0ρ
0 ,ρ =
1
4 pi
[x f(x)],x,
= − 1
4 pi
(
α2
x2
− 2 δ x+ x2 Λ). (142)
And the momentum components are
Θ 0i =
1
16 pi
H
0ρ
i ,ρ = 0. (143)
C. Papapetrou Energy-Momentum Complex
The symmetric energy-momentum complex of Papa-
petrou [101] is given as
Ωµν =
1
16 pi
Nµνρσ,ρσ (144)
where
Nµνρσ =
√−g (gµν ηρσ − gµρ ηνσ + gρσ ηµν − gνσ ηµρ),
(145)
and ηµν is the Minkowski space-time. The quantities
Nµνρσ are symmetric in its first two indices µ and ν. So,
Papapetrou energy-momentum satisfy the local conser-
vation laws as :
∂Ωµν
∂xν
= 0. (146)
The following components of Nµνρσ are needed
N0011 = −x2 [f(x) + 1
f(x)
],
N i0ρσ = −√−g (giρ η0σ + g0σ ηiρ), (147)
where i = 1, 2, 3. The energy and momentum densities
are
Ω00 =
1
16 pi
N00ρσ,ρσ =
1
16 pi
N0011,11
= − 1
16 pi
[x2 (f(x) +
1
f(x)
)],xx
Ωi0 =
1
16 pi
N i0ρσ,ρσ = 0. (148)
The energy-density component for the space-time (7)
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is given by
Ω00 =
x
8 pi
[−3 δ + 2 xΛ
− 27 x (4α
2 + 6 β x+ x3 δ)2
(3α2 + 6 β x+ 3 x3 δ − x4 Λ)3
+
9 x (10α2 + 12 β x+ x3 δ)
(3α2 + 6 β x+ 3 x3 δ − x4 Λ)2 ]. (149)
Notice that at x = 0 the energy-density components van-
ish.
D. Møllers Energy-Momentum Complex
The Møller’s energy-momentum complex [104, 105] is
given by
M νµ =
1
8 pi
χ νρµ ,ρ (150)
where the superpotential χµρν is
χ νρµ = −χ ρνµ =
√−g (gµτ,β − gµβ,τ ) gνβ gρτ . (151)
The complex M νµ satisfies the local conservation laws :
∂M νµ
∂xν
= 0. (152)
Here M 00 and M
0
α are the energy and momentum den-
sity components, respectively.
The following components of χ νσµ are needed
χ
0ρ
0 = −
√−g g00,1 g00 gρ1, χ 0ρ1 = 0,
χ
0ρ
2 =
√−g g22,0 g00 gρ2, χ 0ρ3 =
√−g g33,0 g00 gρ3.
(153)
Using the above components in (150), we obtain the en-
ergy and momentum densities
M 00 =
1
8 pi
χ
0ρ
0 ,ρ = −
x2
8 pi
f ′(x),
M 0i =
1
8 pi
χ
0ρ
i ,ρ = 0. (154)
The energy-density component for the space-time (7) is
M 00 =
1
24 pi x
(6α2 + 6 β x− 3 δ x3 + 2 x4 Λ). (155)
IV. DISCUSSIONS
It is well known that exact solutions of the field equa-
tions have one of the mysterious features of the black
hole which is called singularity. This singularity has been
considered as one of the defects of the general relativ-
ity because explanation of singularity can not be made
by the general relativity itself. Black holes became one
of the most interesting object of study in gravitational
physics already with the discovery of the Schwarzschild
solution, the very first exact solution of Einstein’s field
equations. Although the singularity of the solution at
the Schwarzschild radius turned out to be merely a coor-
dinate singularity, rather than a singularity of the space-
time, horizon is nevertheless a surface with very spe-
cial and surprising properties. Oppenheimer and Snyder
[112] shown that during the collapse of spherically sym-
metric matter, a naked singularity and the event horizon
will form. Penrose and Hawking [113, 114] have formu-
lated a set of results known as the singularity theorems
which provide a powerful evidence that the formation of
black holes is a generic feature of general relativity.
In the present work, a four dimensional non-static
space-time with different stress-energy tensor is analyzed.
Under various parameter conditions, we have seen that
some solution (presented in Case 1 to Case 4, sub-case
(ii) of Case 7, and Case 11) possesses a naked singu-
larity (NS) which is not covered by an event horizon.
In these solution, various matter-energy sources, namely,
isotropic perfect fluid, anisotropic fluid, stiff fluid etc. vi-
olates and/or satisfies the different energy conditions. By
calculating the Kretschmann scalar (or the scalar curva-
ture constructed from the Riemann tensor) we have seen
that the singularity which is formed due to divergence
of the scalar curvature or the matter energy-density, is
naked singularity. Also by analysing the geodesic com-
pleteness condition in the space-time, we have found that
the geodesic paths are incomplete for finite value of the
affine parameter including s = 0 and therefore the singu-
larity is naked not clothed by an event horizon. In addi-
tion, some other solution possess a true curvature singu-
larity which is covered by an event horizon and therefore
these solution represents black hole models in the back-
ground of de-Sitter (dS) and anti-de Sitter (AdS) spaces
depending on the signs of the cosmological constant. In
case 1, we have presented a stiff fluid solution with a
naked singularity; in case 2, an anisotroipc fluid solution
with a naked singularity; in case 3, a stiff fluid solution
in the background of de-Sitter or anti-de Sitter spaces
with a naked singularity; in case 4, an anisotropic fluid
solution with a naked singularity, and this solution re-
duces to conformally flat static solution as a special case.
In case 5, a non-static solution of stiff fluid which repre-
sents black hole model in the background of de-Sitter or
anti-de Sitter (AdS) spaces, were presented. For static
case, this black hole solution correspond to a de-Sitter
or anti-de Sitter spaces depending on the signs of the
cosmological constant. In case 6, a static black hole solu-
tion with zero cosmological constant sourced by non-null
electromagnetic field coupled with anisotropic fluid, were
presented. In case 7, a new algebraically general (Petrov
type I) non-static solution of the Einstein’s field equa-
tions representing a black hole model sourced by non-null
electromagnetic field coupled with perfect fluid in the
background of de-Sitter Universe, were presented. Un-
der a very special case (γ = 0), this non-static solution
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reduces to a Petrov type D static black holes model with
only non-null electromagnetic field as the source and pos-
itive cosmological constant (Λ > 0). For another special
cases (γ = 0, Λ = 0), the non-static black holes solution
reduces to a Petrov type D static model which possess
a naked singularity (NS) with non-null electromagnetic
field as the sources. In case 8, zero cosmological constant
non-static black holes solution sourced by a non-null elec-
tromagnetic field coupled with perfect fluid (stiff fluid),
were presented. Under a special case (γ = 0), this solu-
tion reduces to a static black hole model sourced by non-
null electromagnetic field only. In case 9, a non-static
black holes solution with zero cosmological constant, and
anisotroipc fluid as the matter-energy content, were pre-
sented. Under a special case (γ = 0), this solution re-
duces to static black hole model with anisotroipc fluid.
In case 10, a non-static solution of the field equations
representing black hole model with a positive or negative
cosmological constant sourced by anisotropic fluid, were
presented. Under a special case (γ = 0), this solution
reduces to static black hole models with anisotropic fluid
in the background of de-Sitter or anti-de Sitter spaces.
In case 11, a non-zero cosmological constant solution of
the field equations sourced by a non-null electromagnetic
field coupled with anisotropic fluid possessing a naked
singularity, were presented. By plotting graphs of the
function f(x) against x for positive and negative cos-
mological constant, and choosing values of the different
parameters, we have shown that the studied space-time
(7) possess naked singularities not covered by an event
horizon.
Finally, we evaluate the energy-momentum distribu-
tions using the complexes of Landau-Lifshitz’s, Einstein,
Papapetrou, and Møller’s prescriptions. We have ob-
served that none of the prescriptions give the same
energy-distributions for the given space-time, whereas
the momentum-density components vanish. We also have
observed that the stress-energy tensor (T µν ) vanish at
x = 0 in some cases, and becomes infinite in some other
cases including the electromagnetic field.
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